Abstract. The lacunarity is an interesting property of a formal series. We say a series is lacunary if "almost all" of its coefficients are zero. In this article we considered about the lacunarity of some eta-products like η(z) 2 η(bz) 2 , and proved that they are lacunary if and only if b ∈ {1, 2, 3, 4, 16}. Then We write them as linear combinations of some CM forms.
Introduction
The Dedekind eta-function, defined as: , and proved the only 19 cases when they are lacunary. In [3] , Martin researched the lacunarity of eta-quotients which are Hecke eigenforms. In this article, we discuss the eta-products in the form η(z) 2 η(kz) 2 , and prove the following theorem: We will prove this theorem in section 3, using the theory of modular form and CM forms. After that, we will give the method of computing the coefficients of f b (z) when it is lacunary in section 4.
Preliminaries
The Dedekind eta-function η(24z), as we know, is a weight 1 2 modular form on Γ 0 (576), with Nebentypus character χ 12 (n) := 12 n . As consequence, the eta-quotient may be modular form on some modular group. In fact, we have the following theorem from Ono [4] : then f (z) satisfies
After theorem 2.1, we can easily get the following lemma about f b (z):
. We still need the theory of CM forms. The basic idea of CM form can be found in Ribet [5] . Let K be an imaginary quadratic field of discriminant D, and ε K be the quadratic character associated to K. Next, let c be a Hecke character of K with exponent k − 1 and conductor f c . That means, view c as a homomorphism:
for all α ∈ F * such that α ≡ 1 (mod * f c ). Next, associated to c, define a Dirichlet character ω c mod N(f c ) as:
for all n ∈ Z coprime to f c . N(f c ) denotes the norm of f c .
For any δ ∈ Z + , define series ϕ k,c,δ as:
where the sum runs through all integral ideals of K coprime to f c . Then, by theorem 3.4 in [5] , ϕ K,c,δ is a cusp form of weight k and character
moreover, ϕ K,c,δ is an eigenform for all Hecke operators T p in which p ∤ δ · |D| · N(f c ). So, in order to make ϕ K,c,δ to be an element in S k (Γ 0 (N), ε), the following two conditions are necessary and sufficient:
All possible ϕ K,c,δ satisfying the above two conditions generate a subspace of S k (Γ 0 (N), ε), which denoted as S cm k (Γ 0 (N), ε). Then, by Serre [6] , an element of S k (Γ 0 (N), ε) is lacunary if and only if it is an element of S cm k (Γ 0 (N), ε).
Proof of Theorem 1
With the above theory, we know that f b (12z) is lacunary if and only if
, where ϕ i are some suitable ϕ K,c,δ . First we have the following lemmas:
Lemma 3.1 f b (12z) = ϕ i as above. b as in Theorem 1. Then as a CM form, ϕ i can only be associated to one of the following four fields:
there is some prime p = 2, 3 such that p | |D|, that is p is a divisor of the module of character ε K , so p must be a divisor of the module of character ω c , too. But we already know that ω c is a Dirichlet character mod N(f c ), so there must be p | N(f c ), and p 2 | |D| · N(f c ) |144b. This is a contradiction to our assumption that b is a square-free integer. This completes the proof.
This lemma is obvious because 23 remains prime in each of those four fields, so the 23-rd coefficient of ϕ i must be zero. Combined with the fact that ϕ i is an eigenform of T 23 , and the computing formula of T p : a n (T p (f )) = a np (f ) + χ(p)p k−1 a n/p (f ), this lemma can be easily obtained.
). In order to make
an integer, we need n ≡ −(1+b) (mod 12). If there exists some c(n) = 0, then f b (12z)|T 23 = 0. In summary, after three conditions: (1) 1 + b n < 12b; (2) 23 ∤ n; + 23. Obviously, in n 0 + 12t, t = 0, 1, 2, . . . , 22, these 23 numbers, only one can be divided by 23. We list the first 1000 coefficients of b(n) in appendix 1. From the table of b(n) above, we only need t 5, then there will be at least two numbers not equal to zero in each column, except the 21st column, which we will discuss later. So there must be at least one number that suits 23 ∤ n. In order to suit 1 + b n < 12b, we need b > 12 * 7 * 23 11
, that is b 176. As to the 21st column, in this condition,
When b=1,2,3,4,16, f b (z) is lacunary. So it can be expressed as a linear combination of CM forms. We list these specific expressions in Proposition 4.1: . Proof First we need to compute the specific Hecke character on each case. On case (2), the hecke character c is defined as follows: choose a + bi to be primary, that is, if b ≡ 0 (mod 4), then a ≡ 1 (mod 4); if b ≡ 2 (mod 4), then a ≡ 3 (mod 4). Then c((a+bi)) = a+bi. On case (3), the hecke character c is defined as follows: choose a+bω to be primary, that is, a ≡ 2 (mod 3), b ≡ 0 (mod 3). Then c((a + bω)) = −(a + bω). On case (4), the hecke character c + and c − is defined as follows: choose a + bi to be primary, a + bi ≡ (1 − i) u (mod 3), u = 0, 1, . . . , 7, and a + bi . That would make the definition explicit. Next we will verify the above result by Sturm's Theorem [7] : Sturm's Theorem Suppose that N is a positive integer, p is prime, and
Case (1)(2)(3) is trivial, because they are in one-dimension linear spaces. To case (4) and (5), although it is very complicated to get the above result, it is relatively easy to check it. By Sturm's Theorem, we only need to verify the first 192 and 768 coefficients, which are listed in appendix 2 and appendix 3.
Here we make an example to show how to compute the coefficients of the case b = 16. Let n = 29645 = 5 * 7 2 * 11 2 . Denote ϕ uvw = a uvw (n)q n , and ϕ
, we can get a 603 (49) = a 203 (49) = −7, a 603 (121) = a 203 (121) = −11, so a 603 (n) = 2 * 7 * 11, a 203 (n) = −2 * 7 * 11. Next,
. There are three ideals whose norm are 49: (−5 + 2 √ −6),
) and (7), so a 130 (49) = a 
. Put all these data in the formula, we get a(29645) = 1 4
(7 * 11 − 17 * 21) = −70. Verifying it by directly computing with computer, we can see this is the right result.
Acknowledgement
The author is grateful to my tutor Chunlei Liu for the guide throughout the article and the help from Haobo Dai.
Appendix 1
This is the first 1000 coefficients of 
Appendix 2
Let f 4 (12z) = a(n)q n , and
By proposition 4.1(4), we only need to verify a(n) = 1 8 (c(n) − b(n)). We omit those n that 2|n or 3|n, because those coefficients are all zero. −16  16  0  0  0  0  91  0  0  0  0  0  0  0  95  0  0  0  0  0  0  0  97  0  18  18  2t  2t  2t  2t  101 0 
